Abstract. In this paper, we give a precise meaning to the following fact, and we prove it: C 1 -open and densely, all the non-hyperbolic ergodic measures generated by a robust cycle are approximated by periodic measures.
1. Introduction 1.1. General setting. The dynamics of the (uniformly) hyperbolic basic set is considered as well understood, from the topological point of view as well as from the stochastic point of view. This comes in particular from the existence of Markov partitions which allows us to code the orbits by itineraries on which the dynamics acts as a subshift of finite type. Moreover, these itineraries can be chosen arbitrarily, allowing to build orbits and measures with a prescribed behavior. One classical result (Sigmund, 1970) is that any invariant probability measure µ supported on a hyperbolic basic set is accumulated in the weak * -topology, by periodic measures (i.e. atomic measures associated to a periodic orbit) whose support tends to the support of µ for the Hausdorff distance. In particular, the closure of the periodic measures is the whole convex set (more precisely the Poulsen simplex) of the invariant probability measures. This property extends to dynamics with the specification properties.
The dynamics on a non-trivial hyperbolic basic set is chaotic. Sigmund's theorem tells us that any complicated behavior can be described by the simple one in the sense of measure. For example, we know that any C 2 volume preserving Anosov diffeomorphism is ergodic and the whole manifold is a hyperbolic basic set; Sigmund's theorem implies that this volume (whose support is the whole manifold) can be approximated by periodic measures which are only supported on finite points.
On the other respect, S. Smale and R. Abraham [AS] show that hyperbolic diffeomorphisms are not dense among C 1 diffeomorphisms on a 4-dimensional manifold, and C. Simon [Si] gives the first such kind of example on a 3-manifold. From the topological point of view, [Sh] and [M1] gave examples of robustly transitive nonhyperbolic diffeomorphisms on T 4 and on T 3 respectively, then [BD1] gave more general examples of robustly transitive non-hyperbolic diffeomorphisms.
The aim of this paper is to investigate to what extent these properties can be extended in a non-hyperbolic setting. Many results have already been obtained:
In 1980, A. Katok [Ka] proves that any hyperbolic ergodic measure is accumulated by periodic measures. This result requires the C 1+α setting, and is wrong in the general C 1 setting (see [BCS] ). Nevertheless, this result has been extended by [C] in the C 1 -setting in the case where the stable/unstable splitting of a hyperbolic ergodic measure is a dominated splitting. Even in the smooth setting it is not true in general that the closure of the ergodic measures supported on a homoclinic class is convex (see for instance counter examples in [BG] ).
Question. Consider a C r -generic diffeomorphism f and a (hyperbolic) periodic point p of f . Is it true that the closure of the set of ergodic measures supported on the homoclinic class H(p, f ) is convex?
This question remains open in any C r -topology, r ≥ 1. Let us mention that, in the C 1 -generic setting, [ABC, Theorem 3.10 and Proposition 4.8] show that the closure of the set of periodic measures supported on a homoclinic class of a C 1 -generic diffeomorphism is convex.
From the stochastic point of view, it was natural to ask: is it possible to build diffeomorphisms which robustly have non-hyperbolic ergodic measures? [KN] gave the first example of the robust existence of non-hyperbolic ergodic measures, for some partially hyperbolic diffeomorphism whose center foliation is a circle bundle. Recently [BBD] proved that the existence of non-hyperbolic measures is indeed C 1 -open and dense in the set of diffeomorphisms having a robust cycle.
Our main results consist in a precise analysis of the periodic orbits whose existence is implied by a robust cycle as the ones considered in [BBD] . Using a shadowing lemma in [G1] , we show that every non-hyperbolic measure in a neighborhood of the robust cycle is accumulated by hyperbolic periodic measures. Putting the criteria of [GIKN] together with the shadowing lemma in [G1] , we also show that the closure of the set of these non-hyperbolic ergodic measures is convex.
Precise statement of the results
2.1. Partial hyperbolicity and robust transitivity. Our main technical results consist in a local analysis of the periodic orbits appearing in a robust cycle. We present here the consequence of this local analysis in the setting of robustly transitive partially hyperbolic diffeomorphisms with one dimensional center. In order to present our results, we need to define carefully this setting and to recall some known results.
We say that a diffeomorphism f of a compact manifold M is robustly transitive if there is a C 1 -open neighborhood U f of f in Diff 1 (M) so that any g ∈ U f is transitive, that is, g admits a point whose orbit is dense in M. We denote by T (M) ⊂ Diff 1 (M), the set of robustly transitive diffeomorphisms. It has been shown by M. Shub [Sh] and R. Mañé [M1] that the sets of robustly transitive non-hyperbolic diffeomorphisms are not empty on T 4 and on T 3 respectively. By definition, T (M) is a C 1 -open subset of Diff 1 (M). Let f : M → M be a diffeomorphism on a compact manifold M, and let K ⊂ M be a compact invariant subset. In the literature, there are several different notions of partial hyperbolicity. In this paper, we say that K is partially hyperbolic with 1-dimensional center if the tangent bundle T M| K of M restricted to K admits a Df -invariant splitting
where:
• the dimensions of E ss (x), E uu (x) are strictly positive and independent of x ∈ K and dim(E c (x)) = 1; • there is a Riemannian metric . on M so that, for any x ∈ K and for any unit vectors u ∈ E ss (x), v ∈ E c (x) and w ∈ E uu (x) one has:
Df (u) < inf{1, Df (v) } ≤ sup{1, Df (v) } < Df (w) .
In many usual definitions, the inequality of the second item only holds for f N for N > 0 large enough. The fact that one can choose the metric so that N = 1 is due to [Go] . When K = M, one says that f is partially hyperbolic with one dimensional center bundle.
We denote by PH(M) ⊂ Diff 1 (M) the set of partially hyperbolic diffeomorphisms with one dimensional center bundle. The partially hyperbolic structure is robust, hence PH(M) is an open subset of Diff 1 (M). Let O(M) ⊂ Diff 1 (M) denote the set of partially hyperbolic (with one dimensional center), robustly transitive diffeomorphisms on M. In other words
O(M) = T (M) ∩ PH(M).
It has been shown in [BV] that there exists a robustly transitive diffeomorphism which has no uniformly hyperbolic invariant subbundles, hence, in general, the set T (M) is not contained in PH(M).
Strong stable and strong unstable foliations.
Recall that for any partially hyperbolic diffeomorphism, there are uniquely defined invariant foliations F ss and F uu tangent to E ss and to E uu respectively. Our results will depend strongly on the topological properties of these foliations, and more specifically on the minimality of these foliations. We recall now known results on this aspect.
Recall that a foliation F is minimal if every leaf of F is dense. We say that the strong stable foliation of f is robustly minimal if the strong stable foliation of any diffeomorphism g C 1 -close enough to f is minimal.
Remark 2.1. If the strong stable foliation F ss of a diffeomorphism f ∈ PH(M) is minimal then f is transitive (and indeed topologically mixing).
We denote by U s (M) (resp. U u (M)) the subset of PH(M) for which the strong stable (resp. strong unstable) foliation is robustly minimal. We denote U(M) = U s (M) ∩ U u (M) the set of diffeomorphisms in PH(M) whose both strong stable and unstable foliations are robustly minimal. By definitions, U s (M), U u (M) and U(M) are C 1 -open subsets of PH(M) and therefore of Diff 1 (M). According to Remark 2.1, the sets U s (M) and U u (M) are contained in T (M) and therefore in O(M).
Theorem 2.2 ( [BDU, HHU] ). The union (U s (M) ∪U u (M)) is C
-dense (and open) in O(M).
In other words, open and densely in the setting of partially hyperbolic with 1-dimensional center and robustly transitive diffeomorphisms, one of the strong foliations is robustly minimal.
2.3. Center Lyapunov exponent and index of hyperbolic measures. Consider a diffeomorphism f ∈ PH(M), denote by i = dim(E ss ), and recall that dim(E c ) = 1. We denote by M inv (f ) and M erg (f ) the sets of f -invariant measures and of f -ergodic measures respectively.
Let µ ∈ M erg (f ), then the center Lyapunov exponent of µ is
One says that the ergodic measure µ is hyperbolic if λ c (µ) = 0 and µ is called nonhyperbolic if λ c (µ) = 0. The s-index of a hyperbolic ergodic measure µ is the number of negative Lyapunov exponents of µ. In our setting, the s-index of a hyperbolic ergodic measure µ is
We extend by the same formula of the center Lyapunov exponent to the set of all (even non ergodic) invariant probability measures, that is
and we call it the mean center Lyapunov exponent of µ. This gives a continuous function in the weak * -topology on the space M inv (f ). We denote by M i (f ), M * (f ) and M i+1 (f ) the sets of ergodic measures µ with positive, vanishing and negative center Lyapunov exponents, respectively.
We denote by M P er (f ) the subset of M inv (f ) consisting in measures supported on 1 periodic orbit of f . We denote by M P er,i (f ) and M P er,i+1 (f ) the subsets of M P er (f ), consisting in measures supported on a single hyperbolic periodic orbit of index i and i + 1 respectively.
Finally, if E ⊂ M inv (f ), then E denotes its weak * -closure.
2.4.
Main results when both strong foliations are minimal. Let M be a compact manifold. We denote by V(M) ⊂ Diff 1 (M) the set of diffeomorphisms such that:
• f ∈ U(M) , that is, f is partially hyperbolic with one dimensional center bundle and has both strong stable and unstable foliations which are robustly minimal.
• f admits hyperbolic periodic points p f of s-index i and q f of s-index i + 1.
Remark 2.3. V(M) is, by definition, an open subset of Diff 1 (M). [BDU] shows that there are compact 3-manifold M for which V(M) is not empty: the time one map of a transitive Anosov flow on a manifold M admits a smooth perturbation in V(M); the same occurs in the skew product of linear Anosov automorphisms of the torus T 2 by rotations of the circle.
For any f ∈ V(M) and any hyperbolic periodic point x, one has the following properties:
• the minimality of both foliations implies that the manifold M is the whole homoclinic class of x. Furthermore any two hyperbolic periodic points of same index are homoclinically related. This implies that the closure of the set of the hyperbolic periodic measures of a given index is convex. In other words M P er,i (f ) and M P er,i+1 (f ) are convex.
According to [C] , in this partially hyperbolic setting, every hyperbolic ergodic measure is weak * -limit of periodic measures of the same index. One gets therefore:
Remark 2.4. As a direct consequence of [M2, ABC] , there is a C 1 -residual subset G of V(M) so that for every f ∈ G, every invariant (not necessarily ergodic) measure is the weak * -limit of periodic measures. In particular, M inv (f ) is a Poulsen simplex. More precisely, [M2] implies that generically any ergodic measure is the limit of periodic measures, and [ABC] shows that, for generic robustly transitive diffeomorphisms the closure of the periodic measures is convex.
We don't know if the generic properties stated in Remark 2.4 hold for every f ∈ V(M). The aim of our main result in this setting is to recover most of these properties for a C 1 open and dense subset of V(M). Recall that M * (f ), M i (f ) and M i+1 (f ) are the sets of ergodic measures with vanishing, positive and negative center Lyapunov exponents respectively. Theorem A. Let M be a closed manifold. There exists a C 1 open and dense subset V(M) of V(M) such that for any f ∈ V(M), we have the followings:
(1)
In particular, the closure M * (f ) of the non-hyperbolic ergodic measures is convex. Furthermore, every non-hyperbolic ergodic measure is the weak * -limit of hyperbolic periodic orbits of both indices i and i + 1. (2) There exist two compact f -invariant (uniformly) hyperbolic sets K i ⊂ M and K i+1 ⊂ M of s-index i and i + 1 respectively, with the following property: for any µ ∈ M i (f ) (resp. M i+1 (f )), there exists an invariant measure ν supported on K i+1 (resp. K i ) such that the segment {αµ+(1−α)ν| α ∈ [0, 1]} is contained in the closure of the set of periodic measures.
Remark 2.5. The existence of non-hyperbolic ergodic measure is guaranteed by [BBD] (see also [BZ] ).
The proof of this theorem is based on the semi-local setting (the next subsection). Theorem A shows that the closure of the set of ergodic measures for f ∈Ṽ(M) is the union of two convex sets M P er,i (f ) and M P er,i+1 (f ), which intersect along M * (f ). The last item of the theorem shows that the union of these convex sets "is not far from being convex", but we did not get the convexity. In other words, we don't know if any f -invariant measure is accumulated by ergodic measures. 2.4.1. The C 1 -generic case. As told before in Remark 2.4, for C 1 -generic f in the setṼ(M), the closure M P er (f ) of the set of hyperbolic periodic measures is convex, and coincides with the set M inv (f ) of all invariant measures.
Our result implies:
, every invariant (a priori non ergodic) measure whose mean center Lyapunov exponent vanishes is approached by nonhyperbolic ergodic measures. In formula:
It is well known that the decomposition of an invariant measure in the convex sum of ergodic measures is unique and one calls M inv (f ) a Choquet simplex. As we split M(f ) into several convex sets (the ones with positive, vanishing and negative center Lyapunov exponents respectively) it is natural to ask if these sets are Choquet simplices too. We could not answer to this question in the whole general situation, but in the C 1 -generic setting we can give a negative answer:
Proposition 2.7. For C 1 -generic f inṼ(M), none of the three compact convex sets
2.5. Main results when only one strong foliation is minimal. As we mentioned before, it is known that open and densely in the set O(M) of robustly transitive, partially hyperbolic (with one dimensional center) diffeomorphisms, one of the strong foliations is robustly minimal:
As far as we know there are no known examples where
. Nevertheless, we cannot discard this possibility.
In general, when only one of the strong foliations is minimal, we don't know if the non-hyperbolic ergodic measures are accumulated by periodic orbits, and if the closure of the set of non-hyperbolic ergodic measures is convex. Nevertheless, there is an important example where we could recover these properties. R. Mañé [M1] gave an example that for linear Anosov diffeomorphisms on T 3 of s-index 1 with three ways dominated splitting, one can do DA to get an open subset
where all the diffeomorphisms are non-hyperbolic and transitive (see the precise definition of W in Section 8). [BDU] proved that the robustly transitive diffeomorphism in W has minimal strong stable foliation (see also [PS] ), that is, W is contained in U s (T 3 ).
Theorem B.
There exists an open and dense subsetW of W such that for any f ∈W, one has • Any non-hyperbolic ergodic measure is approximated by periodic measures of s-index 1 (recall that all the periodic orbits of s-index 1 are homoclinically related); • The closure M * (f ) of the set of non-hyperbolic ergodic measures is convex.
Since the strong stable foliation of every f ∈ W is minimal, all hyperbolic periodic orbits of s-index 1 are homoclinically related. By transitivity, one can show that the unstable manifold of hyperbolic periodic orbit of s-index 1 is dense on the manifold. Hence M is the homoclinic class of every periodic orbit of s-index 1. By [BDPR, Theorem E] , for an open and dense subset of W, the manifold M is also the homoclinic class of a periodic orbit of s-index 2.
Question 2. For Mañé's example, given two hyperbolic periodic orbits Q 1 and Q 2 of s-index 2, are Q 1 and Q 2 homoclinically related?
Remark 2.8. If the answer to Question 2 is yes, although we can not get the whole convexity of the set of periodic measures, one can show that for Mañé 's example, the set of ergodic measures is path connected (for the definition see [Sig2] ).
2.6. Some results in the semi-local setting of robust cycles. We start with our assumption in the semi-local setting without technical definitions and the precise definition of the terminology we use here would be given in the next section.
Consider f ∈ Diff 1 (M). Let (Λ, U, C uu , D) be a blender horseshoe of u-index i + 1 and O q be a hyperbolic periodic orbit of u-index i. We assume that Λ and O q form a special robust cycle called split-flip-flop configuration. We fix a small neighborhood V of the split flip-flop configuration so that the maximal invariant setΛ in the closureV admits a partially hyperbolic splitting E ss ⊕ E c ⊕ E uu with dim(E c ) = 1. Assume, in addition, that there exists a Df -strictly invariant center unstable cone field C u V which is a continuous extension of the center unstable cone field C u in U. In [ABC] , it has been shown that in the C 1 generic setting, for each homoclinic class, the closure of the set of periodic measures is convex. Hence, for each partially hyperbolic homoclinic class with center dimension one, under C 1 -generic setting, the closure of the set of hyperbolic ergodic measures is convex. Here, in the C 1 open setting, we get some kind of 'convexity' and it would be used for the global setting.
Theorem C. Under the assumption above. There exists an invariant measure µ ∈ M inv (Λ, f ) such that the segment {αµ + (1 − α)δ Oq , α ∈ [0, 1]} is contained in the closure of the set of periodic measures whose support are inside V .
In any small neighborhood of the split flip flop configuration, the existence of non-hyperbolic ergodic measure approached by periodic measures has been proven in [BZ] . Conversely, we can prove that the non-hyperbolic ergodic measures supported in a small neighborhood of the robust cycle are approximated by hyperbolic periodic measures. To be precise:
Theorem D. Under the assumption above. There exists a small neighborhood V 0 ⊂ V of the split flip flop configuration such that for any non-hyperbolic ergodic measure ν supported on the maximal invariant setΛ 0 in V 0 , there exists a sequence of periodic orbits {O pn } n∈N which are homoclinically related to Λ such that δ Op n converges to ν.
Remark 2.9.
(1) If the support of ν intersects the boundary of V 0 , the sequence of periodic orbits we find might intersect the complement ofΛ 0 ; (2) the choice of V 0 is uniform for the diffeomorphisms in a small C 1 neighborhood of f .
Preliminaries
In this section, we will collect some notations and some results that we need. We start by recalling very classical notions, as Choquet simplex, Poulsen simplex and dominated splitting. Then we recall our main tools. More precisely, our results consist in applying two tools in a very specific setting. The tools are:
• the [GIKN] criterion for ensuring that the limit measure of periodic measures is ergodic.
• a shadowing Lemma due to Liao [L1] and Gan [G1] : this will allow us to prove the existence periodic orbits with a prescribed itinerary. An important consequence presented in [C] shows that any hyperbolic ergodic measure is approached by periodic orbits, under a dominated setting. Our setting will be a specific robust cycle called split flip flop configuration. The main interest of the split flip flop configuration is that it appears open and densely in the setting of robust cycle.
3.1. Dominated splitting and hyperbolicity. Recall that a Df -invariant splitting T K M = E ⊕ F over a compact f -invariant set K is a dominated splitting, if there exists λ ∈ (0, 1) and a metric · such that
A compact f -invariant set K is called a hyperbolic set, if there exists an invariant hyperbolic splitting
s is uniformly contracting and E u is uniformly expanding under Df . A hyperbolic set K is called a hyperbolic basic set of s-index i if one has
• K is transitive and dim(E s ) = i; • there exists an open neighborhood U of K such that K is the maximal invariant set in U, that is,
We denote by ind(Λ) the s-index of Λ. One important property of hyperbolic basic sets in the sense of measure is the following theorem: 
3.3. Lyapunov exponents, Oseledets splitting and hyperbolic ergodic measure. In the celebrated paper [O] , V. Oseledets proves that for any ergodic measure µ of a diffeomorphism f , we have the following:
(1) there exists a µ-full measure set K such that f (K) = K; (2) there exist s ≤ dim(M) numbers λ 1 < · · · < λ s and an invariant measurable splitting over K of the form
The numbers λ 1 , · · · , λ s are called the Lyapunov exponents of µ, the full measure set K is called the Oseledets basin of µ and the splitting
An ergodic measure µ is called a hyperbolic ergodic measure, if all the Lyapunov exponents of µ are non-zero. Let K be the Oseledets basin of µ, we denote by E − ⊕ E + the invariant splitting over K such that all the Lyapunov exponents along E − are negative and all the Lyapunov exponents along E + are positive. Then the invariant splitting T K M = E − ⊕ E + is called the non-uniform hyperbolic splitting. We say that the non-uniform hyperbolic splitting is dominated if there exists a dominated splitting over the closure of K of the form
3.4. Choquet and Poulsen Simplex.
Definition 3.3. Let K be a non-empty compact convex subset of a locally convex vector space. Then • K is said to be a Choquet simplex, if every point of K is the barycenter of a unique probability measure supported on the set of extreme points of K.
• K is said to be a Poulsen simplex if K is a Choquet Simplex so that the set of extreme points of K is strictly contained in K and is dense in K.
Let C be a compact f -invariant set. We denote by M inv (C, f ) the set of invariant measures supported on C. A classical result is that M inv (C, f ) is always a Choquet simplex, hence Sigmund's theorem (see [Sig1] ) shows that if C is a hyperbolic basic set then M inv (C, f ) is a Poulsen Simplex.
3.5. Good approximation and [GIKN] criterion. In this subsection, we state the [GIKN] criterion ensuring that a sequence of periodic measures converges to an ergodic measure. This criterion is firstly used in [GIKN, KN] and is developed in [BDG] for building non-hyperbolic ergodic measures as the limit of periodic measures.
Definition 3.4. Given a compact metric space (X, d) and let f : X → X be a continuous map. Fix ǫ > 0 and κ ∈ (0, 1). Let γ 1 and γ 2 be two periodic orbits of f . Then, the periodic orbit γ 1 is said to be a (ǫ, κ) good approximation for γ 2 , if there exist a subset γ 1,ǫ of γ 1 and a projection P : γ 1,ǫ → γ 2 such that:
• for every y ∈ γ 1,ǫ and every
• the proportion of γ 1,ǫ in γ 1 is larger that κ. In formula:
• the cardinal of the pre-image P −1 (x) is the same for all x ∈ γ 2 .
We can now state the [GIKN] criterion refined in [BDG] :
Lemma 3.5. [BDG, Lemma 2.5] Let (X, d) be a compact metric space and f : X → X be a homeomorphism. Let {γ n } n∈N be a sequence of periodic orbits whose periods tend to infinity. We denote by µ n the Dirac measure of γ n . Assume that the orbit γ n+1 is a (ǫ n , κ n ) good approximation for γ n , where ǫ n > 0 and 0 < κ n < 1 satisfy n ǫ n < ∞ and n κ n > 0.
Then the sequence µ n converges to an ergodic measure ν whose support is given by
. Shadowing lemma and approaching hyperbolic measures by periodic orbits. In this paper we don't construct any periodic orbits by perturbations. We find these periodic orbits by a shadowing lemma which is firstly given by S. Liao [L1] and is developed by S. Gan [G1] .
Let Λ be a compact f -invariant set, admitting a dominated splitting of the form
n (x)} contained in Λ is called a λ-quasi hyperbolic string, if the followings are satisfied:
• Uniform contraction of E by Df , from x to f n (x):
Remark 3.6. By definition, one can check that a λ-quasi hyperbolic string is also a 1+λ 2
-quasi hyperbolic string.
Now, we state the shadowing lemma for quasi hyperbolic pseudo orbit:
and Λ be a compact f -invariant set. Assume that Λ exhibits a dominated splitting
We call the orbit segment {x, n} above as the λ-quasi hyperbolic periodic d-pseudo orbit.
Lemma 3.7 (together with the C 1 -Pesin theory in [ABC] ) has been used by S. Crovisier [C] for approaching hyperbolic ergodic measures with periodic orbits:
and µ be a hyperbolic ergodic measure whose non-uniform hyperbolic splitting E − ⊕E + is dominated. Then µ is supported on a homoclinic class.
Moreover, there exists a sequence of periodic orbits {γ n } n∈N of s-index dim(E − ) which are pairwise homoclinically related, such that γ n converges to the support of µ for the Hausdorff topology and the Dirac measure supported on γ n converges to µ in the weak * -topology.
Remark 3.9. This result is firstly obtained by [G2] on surfaces.
3.7. Plaque family and estimate on the size of invariant manifold. In this section, let Λ be a compact f -invariant set with a dominated splitting
We recall the Plaque family theorem by [HPS] showing that there exist invariant plaque families for dominated splitting. Given a continuous bundle G over a set K, for any x ∈ K and r > 0, we denote by G x (r) = {v ∈ G x | v ≤ r} and denote by G(r) = ∪ x∈K G x (r).
Lemma 3.10. Let Λ be a compact f -invariant set admitting a dominated splitting T Λ M = E ⊕ F . Then there exist two continuous maps W cs : E(1) → M and W cu : F (1) → M satisfying the followings:
• for any x ∈ Λ, the induced map
• the families {W cs x } x∈Λ and {W cu x } x∈Λ of C 1 embedding maps are continuous;
• there exists a neighborhood U E (resp. U F ) of zero section in E (resp. F ) such that the image of
Similarly, we can define the (λ −1 , F )-expanding point which is a (λ, F ) contracting point for f −1 .
The following lemma guarantees the existence of stable manifolds at the (λ, E)-contracting points. The proof is classical see for instance [ABC, Section8.2] . According Lemma 3.10, we fix the plaque families W cs and W cu .
Lemma 3.12. For any λ ∈ (0, 1), there exists η > 0 such that for any (λ, E) contracting point x, we have that the disc W cs η (x) is contained in the stable manifold of x.
Remark 3.13. Similar result holds for (λ −1 , F )-expanding points.
To find the (λ, E)-contracting points, we need the following well known Pliss lemma:
Lemma 3.14.
[P] Let a 1 , . . . , a n be a sequence of numbers bounded from above by a number b. Assume that there exists a number c < b such that
Moreover, one has that
3.8. Blender. Blender is a powerful tool in the study of robustly non-hyperbolic phenomena. In this subsection, we will state a new definition of blender recently defined by [BBD] , and a special blender called Blender horseshoe given in [BD2] .
3.8.1. Dynamically defined blender. Let's first recall some notations in [BBD] . Let D i (M) be the set of C 1 embedded i-dimensional compact discs on a compact Riemannian manifold M. We endow D i (M) with C 1 -topology in the following way: for any D ∈ D i (M), which is the image of the embedding φ :
, we define the C 1 neighborhood of D as the set of the images of all the embedding maps contained in a C 1 neighborhood of φ.
where d Haus (·, ·) denotes the Hausdorff distance on the corresponding Grassmann manifold. It has been proven in [BBD, Section 3 .1] that the distance ρ(·, ·) induces the • there exists a dominated splitting of the form
• there exists a neighborhood U of Λ such that Λ = n∈Z f n (U) and there exists a Df -strictly invariant continuous cone field
The set U is called the domain of Λ, the cone field C uu is called the strong unstable cone field of Λ and the family D is called strictly invariant family of discs. We denote the dynamically defined cu-blender as (Λ, U, C uu , D)
We can also define the cs-blender which is a cu-blender for the reversed dynamics.
Remark 3.16. [BBD, Scholium 3.15 ] Let (Λ, U, C uu , D) be a dynamically defined cu-blender, there exists a disc in the local strong unstable manifold of a point in Λ which are approximated by discs in D.
The main property of a dynamically defined blender is the following:
be a dynamically defined cublender and ǫ be the strength of the strictly invariant family D.
Then there exists a C 1 neighborhood U of f such that for any g ∈ U, one has
) is a dynamically defined blender for g.
We call the open family V ǫ/2 (D) the superposition region of the blender (Λ, U, C uu , D).
3.8.2. Blender horseshoe. In this part, we recall the main feature of a special and simplest blender called Blender Horseshoe (for specific definition see [BD3] ).
For α ∈ (0, 1), we define the following cone fields:
A blender horseshoe Λ of u-index i + 1 is a hyperbolic basic set of u-index i + 1 for an embedding map f : C → R n such that: H1) the maximal invariant set in C is Λ and the dynamics restricted to C is a two-leg horseshoe ( hence it exhibits two fixed points P and Q), that is, the intersection f −1 (C) ∩ C consists in two horizontal disjoint sub-cubes A, B and the images f (A), f (B) are two vertical sub-cubes;
u consists in two connected components A, B such that P ∈ A and Q ∈ B. Furthermore, there exists α ∈ (0, 1) such that the cone field C 
The existence of blender horseshoe is a robust property. The items H1) and H2) imply that there exists a dominated splitting
contains a uu-disc in the characteristic region. By items H1) and H2), there exists ǫ 1 > 0 such that
A compact disc S of dimension i + 1 is called a cu-strip if S is tangent to the cone field C u α and is the image of a C 1 -embedding map
are called the vertical boundary components of S. For any cu-strip S, we define the central length ℓ c (S) of S as the minimum length of all C 1 curves in S joining the two vertical boundary components of S.
In the rest of this subsection, we fix f ∈ Diff 1 (M) exhibiting a blender horseshoe Λ corresponding to the cube C. We fix τ > 1 such that for any x ∈ C ∩ f −1 (C) and
Lemma 3.18. The blender horseshoe Λ is a dynamically defined blender.
Proof. Let D ′ be the set of uu-discs D satisfying that
• D is in the characteristic region of the blender;
By the item H3) above, there exists ǫ 2 > 0 such that for any cu-strip S 1 of central length 2ǫ 2 which intersects W s loc (P ) and any cu-strip S 2 of central length 2ǫ 2 which intersects W s loc (Q), we have that S 1 and S 2 are disjoint. Since the existence of blender horseshoe is robust, there exists ǫ 3 > 0 such that for any diffeomorphism g ǫ 3 -close to f , the continuation Λ g is a blender horseshoe corresponding to the cube C. Let ǫ = min{ǫ 2 , ǫ 3 }.
For any δ > 0 small, we denote by D δ the set of uu-discs small enough such that for any δ ≤ δ 1 and any uu-disc
Since the blender horseshoe is a horseshoe with two legs, 
is not in the superposition region of Λ f ′ which contradicts to the item H4) for f ′ . By the strictly invariant property of the strong unstable cone field, one has that D δ 0 is a strictly invariant family.
Let D be the restriction of the family
u , this gives a strictly invariant family D in the interior of C, ending the proof of Lemma 3.18.
According to the Lemma 3.18, we can also denote a cu-blender horseshoe as (Λ, C, C uu α , D). C is also called the domain of Λ. Let ǫ 0 be the strength of D. In the whole paper, for a blender horseshoe, we use the type of strictly invariant family given by Lemma 3.18.
Recall that τ > 1 is the number such that for any x ∈ C ∩ f −1 (C), we have that
. We can prove that the central length of any cu-strip, "crossing" the characteristic region, is uniformly expanded by the dynamics. To be precise:
, if the central length of S is less than ǫ 0 , one has that f (S) contains a cu-strip S 1 in C such that
• ℓ c (S 1 ) > τ · ℓ c (S); • S 1 is foliated by discs, one of which contains an element of D.
Proof. By the strictly invariant property of
is a cu-strip S 1 in C. For any C 1 -curve γ in S 1 joining the two vertical boundary components of S 1 , we have that f −1 (γ) is a C 1 curve in S and joins the two vertical boundary components of S. Hence, we have that the length ℓ(f −1 (γ)) is no less than ℓ c (S). Since S is tangent to C u α , by the uniform expansion of Df along the cone field
Remark 3.21. Lemma 3.20 allows us to iterate the cu-strip crossing the superposition region and to gain some expansion in the center direction. This is also the reason why we use blender horseshoe instead of the more general dynamically defined blender.
By Lemma 3.17, we have that for any D u ∈ D, there exists a non-empty intersection of D u and W s loc (Λ). Since Λ is a hyperbolic basic set, we have that there exists x ∈ Λ such that D u intersects W s loc (x). In general, x is not a periodic point. The following lemma shows that we can enlarge the disc D u in the center direction, and after (uniformly) finite many iterations, the enlarged disc always intersects the local stable manifolds of periodic orbits in Λ. cu is no less than δ 0 . By the uniform continuity of the local stable manifold, there exists δ 1 < δ such that for any points x, y ∈ Λ with d(x, y) < δ 1 and any disc D with inner radius no less than δ 0 /2 which is tangent to the center unstable cone field and is centered at a point in W s loc (x), one has that W s loc (y) intersects D cu transversely in the interior. Since Λ is a hyperbolic basic set, there exists a periodic orbit O p 0 and a positive integer N such that
• the orbit O p 0 is δ 1 /2 dense in Λ.
• for any two points
. By the choice of N, one has that N depends only on the number δ 0 and on the set Λ and one can check that N is the integer that we need, ending the proof of Lemma 3.22.
3.9. Flip-flop configuration. In this section, we recall the definition and the properties of flip-flop configuration. Roughly speaking, a flip flop configuration is a robust cycle formed by a cu-blender and a hyperbolic periodic orbit of different indices in the way: the unstable manifold of the periodic orbit "crosses" the superposition region of cu-blender, and every disc in the strictly invariant family intersects the stable manifold of the periodic orbit. To be specific:
Definition 3.23. Consider a dynamically defined blender (Λ, U, C uu , D) of uu-index i and a hyperbolic periodic point q of u-index i. We say that Λ and q form a flipflop configuration, if there exist a disc ∆ u ⊂ W u (q) and a compact submanifold with boundary ∆ s ⊂ W s (q) ∩ U such that:
(1) ∆ u ∈ D and f −n (∆ u ) ∩ U = ∅, for any n ∈ N + ; (2) there exists N ∈ N such that for any integer n > N, f n (∆ s ) ∩ U = ∅; Moreover, for any x ∈ ∆ s , if f j (x) / ∈ U for some j > 0, the forward orbit of f j (x) is in the complement of U ; (3) for any y ∈ ∆ s , T y W s (q) ∩ C uu = {0}; (4) there exist a compact set K ⊂ ∆ s and a number η > 0 such that for any disc D ∈ D, the disc D intersects K in a point whose distance to ∂D is no less than η. We denote the flip flop configuration as (Λ, U,
Remark 3.24.
(1) By the item (4) in Definition 3.23, for the discs in D, their diameters are uniformly bounded away from zero; (2) It's shown in [BBD, Proposition 4.2] that the existence of flip-flop configuration is a robust property.
One says that a set V is a neighborhood of the flip-flop configuration
Lemma 3.25. [BBD, Lemma 4 .6]Let f ∈ Diff 1 (M). Assume that there exists a flip-
For any small enough compact neighborhood V of the flip-flop configuration, one has that the maximal invariant set of V has a partially hyperbolic splitting of the form E cs ⊕ E uu , where dim(E uu ) equals the u-index of q. Moreover, there exists a strictly Df -invariant cone field C uu V over V which continuously extends the cone field C uu , such that any vector in C uu V is uniformly expanded by Df .
. Let i be the u-index of the periodic point q. We say that this configuration is split if there exists a small compact neighborhood V of this configuration such that the maximal invariant set of V admits a partially hyperbolic splitting of the form E ss ⊕ E c ⊕ E uu , where dim(E ss ) = ind(Λ) and dim(E uu ) = i.
The following proposition gives the existence of split flip-flop configuration, whose proof can be found in [BBD, Section 5 .2].
Proposition 3.27. [BBD] Let U be an open set of diffeomorphisms such that for any f ∈ U, there exist two hyperbolic periodic points p f , q f of u-index i p > i q respectively which continuously depend on f and are in the same chain class C(p f , f ).
Then there exists an open and dense subsetŨ of U such that for any f ∈Ũ and any i ∈ (i q , i p ], there exists a split flop-flop configuration formed by a dynamically defined cu-blender of uu-index i − 1 and a hyperbolic periodic orbit of u-index i − 1.
4. Approximation of non hyperbolic ergodic measure by periodic orbits: Proof of Theorem D.
In this section, we prove that all the non-hyperbolic ergodic measures supported in a small enough neighborhood of the split flip-flop configuration are approximated by hyperbolic periodic measures.
Consider f ∈ Diff 1 (M). Assume that there exists a split flip flop configuration formed by a cu-blender horseshoe (Λ, C, C uu , D) of u-index i + 1 and a hyperbolic periodic point q of u-index i. Let ǫ 0 be the strength of the strictly invariant family D. We denote by C u the center unstable invariant cone field defined in C. By the definition of blender horseshoe, there exists τ 1 > 1 such that
By Lemma 3.25 and the definition of split flip flop configuration, there exist a small neighborhood V of the configuration such that • the maximal invariantΛ in V admits a partially hyperbolic splitting TΛM = E ss ⊕ E c ⊕ E uu , where dim(E c ) = 1 and dim(E uu ) = i.
• there exist a continuous extension C uu V of C uu in V and a number τ 2 > 1 such that
We assume, in addition, that there exists a Df -strictly invariant cone field C u V in V which is a continuous extension of the center unstable cone field C u in C. We denote by b = max{sup x∈M Df x , sup x∈M Df Then ν is approximated by hyperbolic periodic orbits which are homoclinically related to Λ. 
then this gives a plaque family for E c . For any z ∈Λ and any point w ∈ W i (z), we denote byẼ i (w, z) = T w W i (z) for i = c, cu. When there is no ambiguity, for i = c, cu, we denoteẼ i (w, z) asẼ i (w) for simplicity. To fulfill the proof, we need the following lemma: Lemma 4.2. For any ε > 0, there exist an integer N > 0 and a sequence of points
• For any j ∈ [N, t k ], we have that
• the sequence {t k } k∈N tends to infinity and the orbit segments {z k , t k } k∈N are contained in V .
Proof. For any ǫ > 0 small, by the uniform continuity of Df on the unit tangent bundle of T M, and the compactness of M andΛ, there exists δ ∈ (0, δ 0 ) such that: -Given x ∈Λ. For any two points x 1 , x 2 ∈ W c δ (x), one has that −ǫ log Df |Ẽc (x 1 ) − log Df |Ẽc (x 2 ) ǫ;
-for any point z ∈Λ and any point w ∈ W cu δ (z), one has that −ǫ ≤ log m(Df |Ẽcu (w) ) − log Df | E c (z) ≤ ǫ; -for any w 1 , w 2 ∈Λ satisfying that d(w 1 , w 2 ) < δ, we have that
-for any two points z 1 , z 2 ∈ M satisfying that d(z 1 , z 2 ) < δ, we have that d(δ z 1 , δ z 2 ) < ǫ/2, where δ z i denotes the Dirac measure supported on the point z i ; -for any point x ∈Λ, one has that
By the choice of y, there exists an integer N such that for any n N, we have that
For any C 1 curve γ ⊂ M, we denote by ℓ(γ) the length of γ. For any n ∈ N, we take the C 1 curve γ n ⊂ W c (y) such that • ℓ(γ n ) = δ · e −4n·ǫ ; • the curve γ n is centered at y. Claim 4.3. There exists an integer N 1 such that for any n > N 1 , we have that
Proof. Recall that b ≥ max x∈M Df x , then there exists an integer N 1 satisfying that e −nǫ · b N < 1, for any n > N 1 , Hence, for any n > N 1 and any integer i ∈ [0, N], we have the estimate:
We will prove this claim for i ∈ (N, n] inductively. Assume that for any integer j ≤ i ∈ (N, n), we have that ℓ(f j (γ n )) < δ, then by the choice of δ and N, we have that
By Claim 4.3 and the choice of δ, for any n > N 1 , we have the estimate:
• the disc D cu is tangent to the center unstable cone field C u V
• there exists a cu . Consider a submanifold S n which is the ℓ(γ n ) tubular neighborhood of W uu δ (y) in W cu (y), then S n is a uu-foliated cu-disc for n large and is contained in W u loc (O p ), moreover, the central length of S n is δ · e −4nǫ . We denote by S n (i) the connected component of f i (S n ) ∩ B δ (f i (y)) which contains f i (y) (see Figure 1) . By Claim 4.3 and uniform expansion of Df along the cone field C uu V , one has that • S n (i) is a uu-foliated cu-disc whose vertical boundary components are contained in the f i -image of the vertical boundary components of S n ; • S n (i) is saturated by the discs tangent to C uu V with diameter of size δ, for i = 1, · · · , n.
Claim 4.4. The central length of S n (i) is no less than δ · e −6nǫ , for each i ∈ [1, n].
Proof. Given i ∈ [1, n], for any C 1 curve ξ(t) t∈[0,1] contained in S n (i) which joins the two vertical boundary components of S n (i), one has that f −i (ξ(t)) is a C 1 curve joining the vertical boundary components of S n . Moreover, by the definition of S n (i), one has that for any j ∈ [1, i], one has that
, by the choice of δ, one has that
By the definition of flip-flop configuration and the choice of y, there exists a sequence of positive integers {n k } k∈N tending to infinity, such that f n k (y) is in a small neighborhood of ∆ u , hence f n k (y) is in C. Consider the cu-disc S n k , by Claim 4.4, we have that S n k (n k ) is a cu-disc of central length at least δ · e −6·n k ·ǫ . Recall that τ 2 > 1 is a number such that for any x ∈ V ∩ f −1 (V ) and v ∈ C uu V (x), one has that Df (v) ≥ τ 2 v . We denote by N(δ) the smallest integer satisfying that τ 
ThenS n k (n k ) contains a cu-stripS k in the characteristic region of blender horseshoe (see Figure 2) such that for the central length
Due to the uniform expansion of Df along the cone field C uu V , each point in f −n k (S k ) would stay close to the orbits segment {y, . . . , f n k (y)} for a large proportion of time in [ 0, n k ] ∩ N; moreover, the proportion would tend to 1 when n k tends to infinity.
We will iterateS k to make it cut the local stable manifold of O p transversely. Let ǫ 0 be the strength of the strictly invariant family D, and we denote by
[r] = sup{n ∈ Z : n ≤ r} and N k = 6 · n k · ǫ log τ 1 + log ǫ 0 − log δ + log b · N(δ) log τ 1 + 1.
Since the integer N in Lemma 3.22 is a constant, for simplicity, we take its value as 0. By Lemma 3.20, Lemma 3.22 and the choice of N k , there exists an integer Figure 2 . 
then one has that z k ∈Λ and satisfies the third item of Lemma 4.2. Since the choice of δ is independent of n k , by the fact that |ñ k − n k | ≤ N(δ), we can take n k large enough such that
By the choice of δ and z k , for any j ∈ [N,ñ k ], we have that
On the other hand, when n k is large enough, we have that
and for any j ∈ (ñ k , t k ]
As a consequence, we have that
Let c = max{1+
7 log τ 1 }, then we only need to take ǫ small such that c·ǫ < ε, ending the proof of Lemma 4.2.
Consider the convex sum {αδ Op + (1 − α)ν} α∈ [0, 1] . We fix α ∈ (0, 1], then the mean center Lyapunov exponent of αδ Op + (1 − α)ν is:
Denote by λ = exp(−λ c (αδ Op + (1 − α)ν)) ∈ (0, 1).
We take ε < − log λ 16 small. By the uniform continuity of log Df | E c overΛ, there exists δ 1 > 0 such that for any w 1 , w 2 ∈Λ satisfying that d(w 1 , w 2 ) < δ 1 , we have that
By Lemma 3.7, we get two numbers L > 0 and d 0 > 0 such that for any d ∈ (0, d 0 ), one has that every √ λ-quasi hyperbolic periodic d-pseudo orbit corresponding to the
shadowed by a periodic orbit. For any d ∈ (0, min{d 0 , δ 1 }) small enough whose precise value would be fixed later, there exists an integer N d such that
. By Lemma 4.2, there exist an integer N, a sequence of points {z k } k∈N inΛ and a sequence of integers {t k } k∈N tending to infinity such that •
Claim 4.5. there exist integers m k and t k arbitrarily large such that Proof. Since the sequence {t k } tends to infinity, one can take a sequence of positive integers {m k } k∈N tending to infinity such that
hence, for k large enough, the first item is satisfied. We denote by
Since d is less than δ 1 and the integers t k , m k can be chosen arbitrarily large, by the choice of ε and Equation (2), one has the following estimate:
By Pliss lemma, there exist a number ρ ∈ (0, 1) only depending on λ and a sequence of points
By Equation (2), we have that
Since E ss is uniformly contracting and E ss ⊕ (E c ⊕ E uu ) is a dominated splitting overΛ, the orbit segment {f
. This ends the proof of Claim 4.5.
By Lemma 3.7, there exists a periodic orbit
When d is chosen small enough, by the second item of Claim 4.5 and uniform continuity of the function log Df | E c defined onΛ, we have that p 1 is a ( 
such that the maximal invariant set Λ in V is partially hyperbolic with center dimension one. Up to shrinking V , we can assume that
• U is a small open neighborhood of C satisfying that the maximal invariant set in U is Λ;
• W is a small neighborhood of O q such that the maximal invariant set in W is O q . Now, we will choose a small neighborhood V 0 ⊂ V of the flip flop configuration such that any non-hyperbolic ergodic measure supported on the maximal invariant setΛ 0 in V 0 satisfying the conditions in Proposition 4.1.
By assumption, there exists an integer N such that for any point x ∈ ∩ N i=−N f i (U)∩ Λ, there exists a periodic point p ∈ Λ such that W ss loc (x) intersects W u loc (p). For simplicity, we assume that the periodic point q is a fixed point. We take a small neighborhood
On the other hand, there exists an integer N 0 such that
LetÑ be the smallest integer satisfying
We take a small neighborhood W 0 of O q such that
Let U 0 U be a neighborhood of C. By the first and the second items in the definition of flip flop configuration, one can take small neighborhoods V ′ 1 ⊂ V 1 and V ′ 2 ⊂ V 2 of the sets Orb + (∆ s , f ) and Orb − (∆ u , f ) respectively such that any point x ∈Λ 0 \Λ, whereΛ 0 is the maximal invariant set of
By the choice of W ′ and W 0 , for any nonhyperbolic ergodic measure ν ∈ M erg (Λ 0 , f ) and any point x in the basin of ν, the forward orbit of x contains an orbit segment of length 2N + 1 which are contained in U, hence there exists a point y in the basin of ν such that W ss loc (y) intersects the local unstable manifold of a periodic point contained in Λ in a point z; moreover, by the uniform contraction for the local strong stable manifold, the closure of the orbit of z is strictly contained in V . Now, by applying ν,Λ and V to Proposition 4.1, one has that ν is accumulated by periodic measures, ending the proof of Theorem D.
5. The closure of periodic measures contains a segment joining δ Oq to a measure in the blender: Proof of Theorem C Given a split flip flop configuration (Λ, C,
and a hyperbolic periodic point q. In this section, we prove that there exists an invariant measure µ (maybe non-ergodic) supported on Λ such that the convex combination {αµ + (1 − α)δ Oq ; α ∈ [0, 1]} is approximated by periodic measures.
We take a small neighborhood V of the split flip flop configuration such that the maximal invariantΛ in V is partially hyperbolic with center dimension one. We assume, in addition, that there exist two Df strictly invariant cone fields C u V and C uu V in V , which are continuous extensions of the center unstable cone fields C u and the strong unstable cone field C uu in C respectively. Let's fix a sequence of function
determines a metric on the probability measure space on M in the following way: for any probability measures ν 1 , ν 2 on M, we have
Since the disc ∆ u ⊂ W u (q) belongs to D, by the strictly invariant property of D, this segment would intersect with the local stable manifold of Λ in a (Cantor) set which is denoted as C. For any point x ∈ C, there exists a sequence of discs
Theorem 5.1. With the assumption above. Given x ∈ C and let µ be an accumulation of {
Then the convex combination {αµ+(1−α)δ Oq | α ∈ [0, 1]} is contained in the closure of the set of periodic measures. Now Theorem C is directly from Theorem 5.1. Hence, we only need to prove Theorem 5.1.
Recall that the mean center Lyapunov exponent of the invariant measure αµ + (1 − α)δ Oq , by definition, is
The proof of Theorem 5.1 consists in two parts. We first show that for any α ∈ [0, α 0 ], αµ + (1 − α)δ Oq is accumulated by periodic measures. Then we show the other half convex combination is also approached by periodic measures. The proof of these two parts are quite different. But their proofs still consist in finding quasi hyperbolic periodic pseudo orbits and applying Lemma 3.7 to find the periodic orbits.
Lemma 5.2. For any α ∈ [0, α 0 ], the invariant measure αµ + (1 − α)δ Oq is accumulated by a sequence of periodic orbits which are homoclinically related to O q in V .
Proof. We fix α ∈ (0, α 0 ), then λ c (αµ
. By Lemma 3.7, there exist two positive numbers L and d 0 such that for any d ∈ (0, d 0 ], every (λ + 1)/2-quasi hyperbolic periodic d-pseudo orbit corresponding to the splitting TΛM = (
By the continuity of center distribution, there exists δ > 0 such that for any z 1 , z 2 ∈Λ satisfying d(z 1 , z 2 ) < δ, we have that
}) whose precise value would be fixed at the end, there exists a positive integer N d such that
] + 1, where b 0 is an upper bound for the diameters of the discs in D.
In the following, we will find a (λ + 1)/2-quasi hyperbolic periodic d-pseudo orbit which will stay almost α proportion of time to follow an orbit segment of x and (1 − α) proportion of time to follow the orbit of O q ; then we apply Lemma 3.7.
For any ǫ > 0, there exists an integer n arbitrarily large such that
We choose the δ neighborhood of
We denote by
Notice that for any m ∈ N, we have d(f tm,n (y), y) < d.
Claim 5.3. There exist n and m arbitrarily large such that
• σ m,n is a (1+λ)/2-quasi hyperbolic string corresponding to the splitting (
The proof of Claim 5.3 is just like the one of Claim 4.5. Using Lemma 3.7, we can get a periodic orbit O q 1 of period t m,n such that
Arguing as before, when d is chosen small enough, one has that
• O q 1 is homoclinically related to O q . Hence, αµ + (1 − α)δ Oq is approximated by periodic orbits which are homoclinically related to O q .
This ends the proof of Lemma 5.2.
For α ∈ [0, α 0 ), the property of ∆ u helps to find the type of quasi hyperbolic string that we need. For the case α ∈ (α 0 , 1], the quasi hyperbolic string that we need is another type, that is, we want Df along the center direction to have expanding behavior on the quasi hyperbolic string. Indeed, using the strategy above, we can start from a small neighborhood of Λ then go arbitrarily close to O q to stay for arbitrarily long time; however, after that, it is not clear if we can go arbitrarily close to x by an arbitrarily small proportion of time.
To deal with this situation, we change the strategy. The proof for the case α ∈ (α 0 , 1] strongly depends on the fact that α 0 µ + (1 − α 0 )δ Oq is approximated by hyperbolic periodic orbits homoclinically related to O q .
Proposition 5.4. With the assumption we posed at the beginning of this section. There exists a constant ρ > 0, such that for any hyperbolic periodic orbit O q ′ which is homoclinically related to O q in V , any ǫ > 0, any hyperbolic periodic orbit O p ⊂ Λ and α ∈ (0, 1) satisfying that
one has that there exists a hyperbolic periodic orbit O p 0 homoclinically related to O p such that:
Proof. For ǫ > 0, there exists an integer N large enough such that
Then there exists δ > 0 such that for any x, y satisfying d(x, y) < δ, we have that
Let ǫ 0 be the strength of D. Since O q ′ is homoclinically related to O q in V , by Inclination Lemma and the definition of flip-flop configuration, there exist two compact submanifolds ∆
. By Lemma 3.7, there exist two positive numbers L and d 0 such that for any d ∈ (0, d 0 ], every (λ + 1)/2-quasi hyperbolic periodic d-pseudo orbit corresponding to the splitting
We choose a number d ∈ (0, min{d 0 , δ}] small enough such that L · d is much less than δ; the precise value of d would be fixed at the end. By the choice of ∆ s (q ′ ) and
Up to increasing N 1 d , we can assume that f
. By the transitivity of Λ, Remark 3.16 and the strictly invariant property of D, 
transversely and we denote the intersection as y, then one has that
. By Lemma 3.12, there exists a number δ d > 0 such that 
for any n ∈ N, and we denote by b = max{sup x∈M Df x , sup x∈M Df −1 x }. Since the center Lyapunov exponent of the orbit of q ′ is negative, when n is chosen large enough, arguing as Claim 4.3 and Claim 4.4, one has that S n (y) is a uu-foliated cu-disc satisfying that
• the central length of
Let τ > 1 be a number such that
Following the strategy in Lemma 4.2, there exists a constant c d independent of n and an integer k such that
does not intersect the local stable manifold of O p , for i < k; • when n is chosen large enough, we have an upper bound for k:
Claim 5.5. There exist integers m and n arbitrarily large such that
} is a (1 + λ)/2 quasi hyperbolic string corresponding to the splitting E ss ⊕ (E c ⊕ E uu ).
staying close to the orbit of q ′ staying close to the orbit of p Figure 4 .
The proof of this claim is exactly as the proof of Claim 4.5. By Lemma 3.7, there exists a periodic orbit
Arguing as before, when d is chosen small enough, we have that O p 0 is homoclinically related to O p in V .
By the choice of σ m,n and the fact that the orbit of p 0 shadows σ m,n at a distance of L · d, we have that
Claim 5.6. For each integer i ∈ [1, N], we have that
Proof. For each i ∈ [1, N], we have that
By the choice of I 1 , we have the estimate:
By Equation ( 3) and Claim 5.5, when m, n are chosen large, we have that
Hence, we have that
Similarly, by choosing m, n large enough, we also have that
Hence, we have that for any i ∈ [1, N],
This ends the proof of Claim 5.6
By the choice of N and Claim 5.6, we have
We take ρ = 6 log τ , ending the proof of Proposition 5.4.
Remark 5.7. The conclusion of Proposition 5.4 also explains the main obstruction to obtain the approximation of the convex combination between two hyperbolic ergodic measures of different indices by periodic measures.
As an application of Proposition 5.4, we have the following corollary:
Corollary 5.8. For any α ∈ (α 0 , 1], the measure αµ + (1 − α)δ Oq is accumulated by a sequence of periodic orbits which are homoclinically related to Λ.
Proof. By Lemma 5.2, we have a sequence of hyperbolic periodic orbits O qn which are related to O q such that δ Oq n converges to α 0 µ + (1 − α 0 )δ Oq .
By Theorem 3.1, there exists a sequences of periodic orbits O pn ⊂ Λ such that δ Op n converges to µ.
By Proposition 5.4, there exists a constant ρ > 0 such that for any β ∈ B n , we have that βδ Oq n + (1 − β)δ Op n is approximated by periodic measures with an error bounded by ρ · λ c (O qn ). Since the set {βδ Oq n + (1 − β)δ Op n : β ∈ B n } tends to the set {αµ + (1 − α)δ Oq : α ∈ [α 0 , 1]} and λ c (O qn ) tends to zero, the invariant measure αµ + (1 − α)δ Oq is approximated by periodic measures, for any α ∈ [α 0 , 1]. Now, Theorem 5.1 is directly from Lemma 5.2 and Corollary 5.8.
Non-hyperbolic ergodic measures approaching a non-ergodic measure with vanishing mean center Lyapunov exponent
We fix a sequence of continuous functions {g i } i∈N ⊂ C 0 (M, R), which determines a metric d(·, ·) on the probability measure space on M: for any probability measure µ and ν, we have the distance:
Let f ∈ Diff 1 (M), consider a split flip flop configuration formed by a dynamically defined cu-blender (Λ, U, C uu , D) and a hyperbolic periodic orbit O q . We fix a small neighborhood V of the split flip flop configuration such that the maximal invariant setΛ of V is partially hyperbolic with center dimension one. The following result allows us to get a sequence of periodic orbits in V satisfying the [GIKN] criterion.
Lemma 6.1. [BZ, Lemma 4 .1] With the notation above. There exist two constants ρ > 0 and ζ ∈ (0, 1), such that for any ǫ > 0 and any hyperbolic periodic orbit γ which is homoclinically related to O q inside V , there exists a hyperbolic periodic orbit γ ′ which is homoclinically related to γ in V satisfying:
Remark 6.2.
(1) This result is true for any small neighborhood of the split flip flop configuration; (2) If f is partially hyperbolic with center dimension one, one can replace V by M.
In this section, we show that any invariant measure supported onΛ, which is approached by hyperbolic periodic measures of certain index and exhibits vanishing mean center Lyapunov exponent, is approached by non-hyperbolic ergodic measures. To be precise, we prove the following: Proposition 6.3. With the notation above. Given µ ∈ M inv (Λ, f ) such that log Df | E c dµ = 0.
Assume that µ is accumulated by periodic measures whose support are periodic orbits homoclinically related to O q inside V .
Then µ is approximated by non-hyperbolic ergodic measures.
Proof. Let {O p n } n∈N be a sequence of periodic orbits such that δ Op n converge to µ and O p n is homoclinically related to O q inside V . We denote by λ n the center Lyapunov exponent of O pn , then λ n tends to 0. Using Lemma 6.1 and [GIKN] criterion, we will prove that there exists a constant c > 0, such that for each periodic measure δ Op n , there exists a non-hyperbolic ergodic measure ν n satisfying:
We fix the periodic orbit O pn , then there exists an integer N large such that
By the uniform continuity of g 1 , · · · , g N , there exists δ > 0 such that for any two points x, y satisfying d(x, y) < δ, we have
We choose a sequence of decreasing positive numbers {ǫ i } i∈N such that ǫ i < δ and denote O pn as γ 0 n . Let ρ and ζ ∈ (0, 1) be the two constants given by Lemma 6.1. Assume that we already have a periodic orbit γ k n which is homoclinically related to O q in V , then we apply γ k n to Lemma 6.1 and we get a periodic orbit γ k+1 n such that:
Therefore, for any integer k ∈ N, we have the following estimate:
By Lemma 3.5, δ γ k n tends to an ergodic measure ν n . Since the center Lyapunov exponent of γ k n tends to zero when k tends to infinity, by the continuity of log Df | E c , ν n is a non-hyperbolic ergodic measure.
On the other hand, by construction of γ k n , we have that for any k ∈ N, the periodic orbit γ k n is a (
We denote by γ(n, k) the subset of γ k n corresponding to the one in Definition 3.4. For any integer i ∈ [ 1, N ], we have the following:
.
Hence, for any k, we have that
Approaching non-hyperbolic ergodic measure by hyperbolic periodic measures: Take any hyperbolic ergodic measure µ and any non-hyperbolic ergodic measure ν, We will prove that for any α ∈ [0, 1], αµ + (1 − α)ν is approximated by periodic measures. By Proposition 3.8, the measure µ is approximated by hyperbolic periodic measures. Hence, we only need to prove it when µ is a hyperbolic periodic measure. Assume that µ is a periodic measure with positive center Lyapunov exponent (for the negative case, we can argue for the system f −1 ). Let O p be the hyperbolic periodic orbit such that µ = δ Op . By the minimality of the strong stable foliation, O p is homoclinically related to Λ u . Take a generic point x of measure ν, by the minimality of strong stable foliation, Df | E c (f j (y)) = 0.
By the minimality of strong unstable foliation and the strictly invariant property of D, for any δ > 0, there exists an integer N δ such that for any strong unstable disc D uu of radius δ, we have that f N δ (D) contains an element of D u . Hence, for any δ > 0 and any integer n ∈ N, one has that f N δ (W uu δ (f n (y))) contains a disc in D. Now we can apply the arguments for Proposition 4.1 to O p and the point y, proving that the invariant measure αµ + (1 − α)ν is approximated by periodic measures of index ind(p).
As a consequence, one gets that every non-hyperbolic ergodic measure is approached by periodic measures of indices i and i + 1 at the same time.
By the minimality of strong foliations, any two hyperbolic periodic measures of the same index are homoclinically related. As a consequence, for any two hyperbolic periodic orbits γ 1 and γ 2 of the same index, one has that
Hence for any two hyperbolic ergodic measures of same index, by Proposition 3.8, their convex combination can be approximated by periodic measures of the same index, which implies that M i (f ) and M i+1 (f ) are convex sets.
Given two invariant measures µ, ν ∈ M * (f ), then µ and ν are approximated by a sequence of periodic measures {δ Op n } and {δ Oq n } of the same index respectively. Then the convex combination {(1 − α)δ Op n + αδ Oq n : α ∈ [0, 1]} is contained in the closure of the set of hyperbolic periodic measures. Hence, the invariant measure (1 − α)µ + αν is accumulated by hyperbolic periodic measures, for any α ∈ [ 0, 1 ]. On the other hand, for any α ∈ [0, 1], we have
By Proposition 6.3 and Remark 6.4 , we have that (1 − α)µ + αν is accumulated by non-hyperbolic ergodic measure, that is,
This proves that M * (f ) is a convex set.
Since every non-hyperbolic ergodic measure is approximated by hyperbolic periodic measures of index i and index i + 1 at the same time, we have that
On the other hand, for any µ ∈ M i (f ) ∩ {µ ∈ M inv (f ), λ c (µ) = 0}, we have that µ is accumulated by hyperbolic ergodic measures of index i. By Proposition 3.8, we know that µ is accumulated by hyperbolic periodic measures of index i. By Proposition 6.3, the measure µ is accumulated by non-hyperbolic ergodic measures, ie. µ ∈ M * (f ). Hence, we have
Similarly, we can prove that
Besides, one can easily check that
and
This ends the proof of the first item.
Proof of Item 2: Given ν ∈ M i (f ), then there exists a sequence of periodic orbits {O pn } n∈N of s-index i such that δ Op n converges to ν. 
Let ξ be an accumulation of µ n , then for any α ∈ [0, 1], we have that
Similarly, we can prove that for any invariant measure belonging to M i+1 (f ), there exists an invariant measure supported on Λ u such that their convex combination is approximated by periodic measures.
We only need to take K i = Λ u and K i+1 = Λ s . Then the second item is satisfied. This ends the proof of Theorem A. and
Since λ c (µ i ) > 0 and λ c (ν i ) < 0 for i = 1, 2, one gets that the hyperplane H 2 is transverse to H 1 . As a consequence, the intersection H 1 ∩H 2 is a convex quadrilateral whose vertexes are corresponding to four different invariant measures; Moreover, each of them is a convex sum of two hyperbolic ergodic measures of different indices among {µ 1 , µ 2 , ν 1 , ν 2 }. By the generic assumption, these four invariant measures are approximated by hyperbolic periodic measures; hence by Theorem A, they belong to the set M * (f ).
By the convexity of the set M * (f ), the diagonal of H 1 ∩ H 2 intersects in a point which corresponds to an invariant measure µ ∈ M * (f ). By Lemma 7.3, the vertexes of H 1 ∩ H 2 are extreme points of M * (f ). Hence, µ is the convex combination of two different pairs of extreme points of M * (f ), which implies that M * (f ) is not a Choquet simplex.
Similarly, one can show that neither M i (f ) nor M i+1 (f ) is a Choquet simplex. 
with dim(E ss ) = dim(E c ) = 1, • there exists a constant λ ∈ (0, 1) such that Df −1 | E uu < λ; • There exist two hyperbolic periodic orbits of different indices;
• The center bundle E c is integrable and the center foliation is minimal.
• There exist two open sets U and V , a constant τ > 1 and five positive numbers ǫ 1 , · · · , ǫ 5 such that (1) V is a proper subset of U (2) For any point x ∈ T 3 \V , we have that
Df | E c (x) > τ ; (3) Every strong unstable curve of length at least ǫ 1 contains a strong unstable curve of length at least ǫ 2 which is disjoint from U; Moreover, we have that λǫ 1 < ǫ 2 ; (4) Every center plaque of length at least ǫ 3 contains a center plaque of length at least ǫ 4 which is disjoint from V ; Moreover, we have that τ ǫ 4 > 2ǫ 3 ; (5) For every center leaf F c (x), every connected component of F c (x) ∩ (U\V ) has length larger than ǫ 5 ; Moreover, we have that τ ǫ 5 > ǫ 3 .
By construction, the diffeomorphism f is isotopic to a linear Anosov.
R. Mañé proved the followings: (x) such that the forward orbit of y is contained in T 3 \U.
A recent result by R.Potrie [Po] implies that f ∈ W is dynamically coherent, that is, there exist invariant foliations F cs and F cu tangent to E ss ⊕ E c and E c ⊕ E uu respectively.
Proof of Theorem B.
We deal with Mañé 's example separately because we only know that strong stable foliation and center foliation are minimal. The minimality of strong unstable foliation is still unknown. The minimality of strong stable foliation is due to [BDU, PS] :
Lemma 8.3. [BDU, PS] There exists an open dense subset W s of W such that for any f ∈ W s , the strong stable foliation is minimal.
The proof of theorem B strongly depends on the properties of W, ie. the DA construction of Mañé 's example.
Proof of Theorem B. By Hayashi's connecting lemma and transitivity, there exists a dense subset of W such that every diffeomorphism in this dense subset has a co-index one heterodimensional cycle. By Propositions 3.27 and 7.1, there exists an open dense subset of W such that every diffeomorphism in this set has a split flip flop configuration associated to a dynamically defined cs-blender. On the other hand, by Lemma 8.3, there exists an open dense subset W s of W such that the strong stable foliation is minimal for any f ∈ W s . To sum up, there exists an open and dense subsetW of W such that for any f ∈W, we have that:
• f has minimal strong stable foliation;
• f has a split flip flop configuration associated to a dynamically defined csblender. Now, we fix a Df strictly invariant strong unstable cone field C uu around E uu on T 3 such that Df is uniformly expanding along C uu . Non-hyperbolic ergodic measures approached by hyperbolic periodic measures of index one.
We will prove that for any hyperbolic periodic measure of index 1 and any nonhyperbolic ergodic measure, their convex combination is approximated by periodic measures.
By construction, there exists δ 0 > 0 such that B δ 0 (V ) ⊂ U. We fix a hyperbolic periodic point p of index 1, the size of local unstable manifold W u loc (O p ) and the size of local strong stable manifold W s loc (O p Given a non-hyperbolic ergodic measure ν ∈ M erg (T 3 , f ), and consider the convex sum αδ Op + (1 − α)ν, for α ∈ [0, 1]. Then for any α ∈ ( 0, 1 ], we have that λ c (αδ Op + (1 − α)ν) > 0.
We fix α ∈ (0, 1] and we denote by λ ′ = exp(−λ c (αδ Op + (1 − α)ν)).
Lemma 3.7 provides two positive numbers L and d 0 , corresponding to the number √ λ ′ and to the splitting E ss ⊕(E c ⊕E uu ), such that for any d ∈ (0, d 0 ), we have that any √ λ ′ -quasi hyperbolic periodic d-pseudo orbit is L · d shadowed by a periodic orbit.
We choose a number d ∈ (0, d 0 ) such that L · d is small enough, whose precise value would be fixed at the end. Then there exists an integer N d such that In the following, we will find a √ λ ′ -quasi hyperbolic periodic d-pseudo orbit, with large period, such that it spends almost 1 − α proportion of its period to follow the forward orbit of y and also spends almost α proportion of its period to follow the periodic orbit O p .
Take ǫ < − log λ ′ 16
small, then we have the following: • there exists δ > 0 such that for any two points z, w ∈ T 3 satisfying d(z, w) < δ, we have that −ǫ log Df | E c (w) − log Df | E c (z) ǫ;
• there exists an integer N such that for any n N, we have the following: For any C 1 curve γ in T 3 , we denote by ℓ(γ) the length of γ. We choose a C 1 curve γ n ⊂ W c (y), centered at y, such that ℓ(γ n ) = δe −2nǫ . Now, consider the set S n which is the ℓ(γ n ) tubular neighborhood of W uu δ (x) in the leaf F cu (x). Similar to Claim 4.3, for n large enough, one has that ℓ(f i (γ n )) ≤ Df i ℓ(γ n ) < δ, for any i = 0, · · · n. • the orbit segment {w, t n + n + mπ(p)} is a √ λ ′ -quasi hyperbolic string corresponding to the splitting E ss ⊕ (E c ⊕ E uu ).
mπ(p) + n + t n staying close to the orbit of y staying close to the orbit of p Figure 5 .
The proof of the claim above is similar to the one of Claim 4.5. Once again, by Lemma 3.7, we have a periodic orbit O p ′ of index one which shadows the orbit segment {w, t n + n + mπ(p)} in a distance L · d. Moreover, when d is chosen small, one has that d(δ O p ′ , αδ Op + (1 − α)ν) < c · ǫ, where c is a constant independent of ǫ.
By the arbitrary choice of α and compactness of the set {αδ Op + (1 − α)ν|α ∈ [ 0, 1 ]}, the ergodic measure ν is approximated by hyperbolic ergodic measures of index 1. Convexity of the set M * (f ). Since any non-hyperbolic ergodic measure is approximated by hyperbolic periodic measures of index 1, we have that for any µ, ν ∈ M * (f ), both µ and ν are approximated by hyperbolic periodic measures of index 1. Since the hyperbolic periodic orbits of index 1 are homoclinically related to each other, one has that {αµ + (1 − α)ν; α ∈ [0, 1]} is contained in the closure of the set of hyperbolic periodic measures of index 1. Notice that αµ+(1−α)ν has zero mean center Lyapunov exponent, for any α ∈ [0, 1]. By Proposition 6.3 and Remark 6.4, we have that αµ + (1 − α)ν is approximated by non-hyperbolic ergodic measure. Hence, we have that {αµ + (1 − α)ν; α ∈ [0, 1]} ⊂ M * (f ).
This ends the proof of Theorem B.
